Abstract. A class of functional equations with nonlinear iterates is discussed on the unit circle Ì 1 . By lifting maps on Ì 1 and maps on the torus Ì n to Euclidean spaces and extending their restrictions to a compact interval or cube, we prove existence, uniqueness and stability for their continuous solutions.
Introduction
Let X be a topological space and let us consider a map f : X → X. The j-th iterate f j of f is defined by f n (x) = f (f n−1 (x)) and f 0 (x) = id, the identity map.
Founded on the problem of iterative roots, the problem of invariant curves and some problems from dynamical systems (e.g. in [2], [8]), the iterative equation
where F and Φ are given functions and f is unknown, was investigated actively ([2],
[21]). When Φ is linear, i.e., Φ(y 1 , . . . , y n ) = n j=1 λ j y j , this equation assumes the form ( * * ) [26] and some references therein. In those works maps on Ì 1 can be lifted to the whole real line Ê so that considered problems are reduced to problems of iteration on Ê even in some complicated cases, for example, where rotation numbers of considered maps are irrational. In contrast, because of the more complicated form of ( * ), few published results are found for the more general form ( * ) of iterative equations on Ì 1 .
In this paper we discuss solutions of the equation ( * ) on X = Ì 1 , i.e., the equation
in the class of homeomorphisms
where
consists of all continuous maps from Ì 1 into itself and the notation 1 indicates the point (1, 0) in the complex plane so as to distinguish it from 1 ∈ Ê. We will lift F, f from the circle Ì 1 to Ê and Φ from the n-dimensional torus Ì n to Ê n . Moreover, we apply techniques of restricting and extending to those lifts so that the reduced problem can be discussed on the compact interval I := [0, 1]. We will prove existence, uniqueness and stability for solutions of equation (1.1) in the class
Maps on Ì 1 and induced maps
Let h : t ∈ Ê → e 2Ôit ∈ Ì 1 and h * := h| [0, 1) . The map h * is a continuous bijection.
If v, w, z ∈ Ì 1 , then there exist unique t 1 , t 2 ∈ [0, 1) such that wh * (t 1 ) = z and wh * (t 2 ) = v. Obviously, the relations v ≺ w ≺ z, w ≺ z ≺ v and z ≺ v ≺ w are equivalent. More properties of ≺ and can be found in [3] . Consider a nonempty set A ⊂ Ì 1 .
